Summary-A homogeneous ring array of axial dipoles will radiate a vertically polarized field that concentrates to an increasing degree around the horizontal plane with increasing increment of the current phase per revolution. There is reason to believe that by using a corresponding antenna system with tangential or radial dipoles, a field may be obtained that has a similar useful structure as the above-mentioned ring array, but which in contrast to the latter is essentially horizontally polarized. In this paper a systematic investigation has been made of the field from such an antenna system with tangential or radial dipoles. Recently it was stated in the literature that it is impossible to treat the general case where the increase of the current phase per revolution is arbitrarily large by using ordinary functions. The results obtained in this paper disprove this statement.
The Field Radiated by a Ring Quasi-Array of an Infinite Number of Tangential or Radial Dipoles* H. LOTTRUP KNUDSENt Summary-A homogeneous ring array of axial dipoles will radiate a vertically polarized field that concentrates to an increasing degree around the horizontal plane with increasing increment of the current phase per revolution. There is reason to believe that by using a corresponding antenna system with tangential or radial dipoles, a field may be obtained that has a similar useful structure as the above-mentioned ring array, but which in contrast to the latter is essentially horizontally polarized. In this paper a systematic investigation has been made of the field from such an antenna system with tangential or radial dipoles. Recently it was stated in the literature that it is impossible to treat the general case where the increase of the current phase per revolution is arbitrarily large by using ordinary functions. The results obtained in this paper disprove this statement.
A similar investigation has been made of the field from the antenna system with tangential dipoles described above in the case where the current distribution on this system is a standing wave instead of a progressing wave.
When the increment of the current phase per revolution converges towards infinity, the gain of the antenna systems treated here converges towards infinity, too, i.e. supergain occurs. Based on the theory of supergain an approximate expression has been derived for INTRODUCTION AS WAS SHOWN by Chireix,' an azimuthally omnidirectional antenna system with a field that is concentrated around the horizontal plane and with vertical polarization may be obtained by placing a number of vertical dipoles equidistantly along a circle in the horizontal plane (see Fig. 1(d) ) and by feeding these dipoles with currents having the same numerical value but a phase increasing uniformly along the circle.
An antenna system of this type will be called a homogeneous ring array of axial dipoles. In order that this ring array may be completely omnidirectional in the horizontal plane the number of dipoles must be infinitely large (see Fig. 1(a) ). The current phase increases a whole number, H, times 2wr during one revolution in the positive direction. Denoting the radius of the circle by a, the angle between the normal to the plane of the circle and the direction from the ring array to the field point by 0, and the azimuth of this point by 0, we find-according to Chireix-the following expression for the array characteristic G(0, 4) of a homogeneous ring array with infinitely many elements: G = KleiHuJH(ka sin 0).2() 2 As time factor is used e-iwt.
In this expression K1 is a constant depending on the choice of the reference antenna, whereas k denotes the intrinsic transmission coefficient, k = 27r/X, of free space, where X is the wavelength.
If the radius a of the circle is so small that ka<<«, we find from (1) the following approximate expression for
where K2 is a constant. This expression shows that the field, which is polarized in the 0-direction for any value of the increment, H2Mr, of the current phase, concentrates more and more around the horizontal plane with increasing values of HI. Chireix proposes that this property of the homogeneous ring array might be used for obtaining a fading-reducing antenna system. Of late years FM and television have aroused interest in horizontally polarized fields. It is an obvious thing, therefore, in analogy with Chireix's investigation of a homogeneous ring array of axial dipoles, to carry out an investigation of the field from corresponding ringshaped antenna systems with tangential or radial dipoles. The elements in these antenna systems are identical, but not identically oriented. In what follows we shall denote an antenna system composed of identical but not necessarily identically oriented elements as a quasi-array. In this paper we set the problem of calculating the field from a homogeneous ring quasi-array of an infinite number of tangential or radial dipoles. The adjective "homogeneous" denotes here, as in the case of the ring array, that the antennas are placed equidistantly, and that they carry currents with the same numerical value but with a phase that increases uniformly along the circle. The increment of the phase during one revolution is denoted by H27r. With the notation used in Fig. 1 a ring quasi-array of tangential or radial dipoles may be expected to radiate a field that is polarized essentially in the 4-direction, and which concentrates to an increasing degree around the horizontal plane with increasing Hi. Figs. l(b) and (c) show a ring quasi-array of respectively tangential and radial dipoles. In Figs. 1(e) and (f) are shown. the corresponding antenna systems with an infinite number of elements. It is observed that a ring quasi-array of tangential dipoles then degenerates into a wire bent in a circle, i.e. a circular frame aerial.
Carter3 has carried through a calculation of the field from an array of a finite number of axial dipoles and a ring quasi-array of a finite number of tangential or radial dipoles placed concentrically around a conducting cylinder and with H= 0 or H= 1. In the case where the radius of the conducting cylinder is equal to zero, and where the number of dipoles converges towards infinity, the antenna systems treated by Carter constitute special cases of the systems investigated in this paper.
The field from an arbitrarily large, circular frame aerial with constant current (i.e., H=O) has previously been investigated by Foster4 and Moullin.5 
where I is a complex constant and H an integral number.
In calculating the radiated field we use the method of radiation vectors described by Schelkunoff.7 Denoting by r the intrinsic impedance of free space, by r the vector pointing from the center of the antenna system to the field point, and setting r = r, we define a constant Tby iksLtI 
Calculation of the Field
In this section we shall calculate the field from a homogeneous ring quasi-array of an infinite number of dipoles placed along a circle with radius a so that the dipoles are tangent to this circle, as shown in Fig. 1(e) . We first formulate the problem of the corresponding ring quasi-,array with a finite number, s, of elements, each one having the length L, see Fig. 1 (b) . As sketched in this figure, we introduce a spherical co-ordinate system (r, 0, 4) and a rectangular co-ordinate system (x, y, z) corresponding to the first system in the usual way. In sented before a joint meeting of the I.R.E. and U.R.S.I.; April, 1937. 
The parameter z must not be mistaken for the co-ordinate z, which does not occur in the calculation. The electric field strength is essentially expressed through the vector F. For this reason 77 shall be called the normalized electric field strength. In the present case where the number of elements is finite, the following limiting process must be performed in the above expression Fs = 0. By a further transformation and application of Sommerfeld's integral formula for a Bessel function8 we find, as shown in the appendix,
By inserting these expressions in (8) we find the following expressions for the 0-and 4-components of the normalized, electric field strength:
Discussion of the Result The homogeneous ring quasi-array in question is seen to be azimuthally omnidirectional. However, the phase of the field depends on 4 in the way expressed through the factor eiH(0-7). The equiphase lines in the horizontal plane thus constitute a system of H Archimedes's spirals as is the case of the field from a ring array. The field is said to be one that is spiral-phase. As has been detailed by Sandeman,9 spiral-phase fields are utilized in navigation for the purpose of direction-finding. Granquist'0 has used a spiral-phase field and the corresponding field obtained by reversing the current phases to a simple determination of both distance and direction.
The component Fe is 900 out of phase with F,. Therefore, the field will generally be elliptically polarized. The polarization will only in special cases degenerate into circular or linear polarization.
For H# ± 1 and for 0 = 0 or wr we find FE = F, =-0. The radiation in the direction of the axis is different from zero only for H= + 1. The corresponding result for a standing current wave was derived already by Sherman6 through a more direct argumentation. We shall first investigate the appearance of the components of the normalized, electric field strength for 8 E. Jahnke and F. Emde, "Funktionentafeen," Dritte Auflage, B. G. Qeukner Verlag, Leipzig and Berlin, p. 149; 1938. 9 
The angle 0' =r-" is plotted as a function of II through the firm line curve in Fig. 3 . The quotient K, between the maximum values of Fo and F,, is expressed
The quotient K iS plotted as a function of H through the firm line curve in Fig. 4 . When H converges towards infinity, the angle 6' will converge towards 7r/2, i.e., the two loops in Fo will approach unlimitedly the horizontal plane. At the same time the quotient K will converge towards zero, i.e., the field will in the limit become horizontally polarized. However, as Fig. 4 shows, the horizontal component of the field becomes vanishinglv small first when H becomes very large. As will be discussed in a following section, large fundamental difficulties will arise when the increment of the current phase, H2M, for an antenna with fixed dimensions increases beyond a certain limit. We now return to the general case where not necessarily a/X<<1, as was assumed in the preceding paragraph. First we consider the case where the current in the frame aerial has not only a constant numerical value but also a constant phase. For a frame aerial being fed at a single point of the circumference, this current distribution constitutes a good approximation to the actual distribution, when the perimeter of the frame is small as compared with the wavelength. This has been utilized in the elementary theory of frame aerials." In frame aerials, the perimeter of which is large as compared with the wavelength, the current can only be constant if special arrangements are made for feeding the antenna. Foster12 has proposed to feed the antenna sectionally; this idea has been carried out by Alford and Kandoian.13"4 Moullin' has proposed to realize a constant current distribution by using a large number of tangential dipoles. In the case being considered here, H=0, the field has only a k-component as an elementary consideration also shows. For H=0 the expressions obtained above for the field components were previously derived and discussed by Foster4 and by Moullin.5 For the sake of completeness Fk| is plotted as a function of 0 and for various values of a/X in Figs. 5(a-c) .
For H= 1 the numerical values of the components of the normalized, electric field strength are plotted in 
The field is seen to be circularly polarized in the direction of the axis. For a/X=0.1 to 0.2, i.e., when the perimeter of the circle is about one wavelength, the current distribution on the antefina has the same character 
We desire to calculate the field from a ring quasi-array of an infinite number of tangential dipoles, i.e., a circular frame aerial, as shown in Fig. 1(e) , and with a sine-shaped current distribution. We start from a corresponding ring quasi-array of a finite number of elements (see Fig. 1(b) ) calling the number of the elements s and their length L. The position of the j'th dipole being given by the angle, uj, defined in (3), the current, Ij, in the j'th dipole is in the present case expressed through Ij = I cos Huj, The field from the sine-shaped current distribution considered here may now be calculated as a times the field calculated in the last section for a progressing current wave plus a times this field with H replaced by -H. With the factor T expressed by (5) the electric field strength is given by the normalized field strength F. From the expressions obtained earlier for the components Fe and F, for a homogeneous ring quasi-array of an infinite number of tangential dipoles, we find for the sine-shaped current distribution in question H FE = -( j)H+l -JH(Z) cos 0 sin Hl, z are plotted in Fig. 7 . By using these curves or similar curves for other values of H and the curves in Fig. 5 showing Fe! and ! F,! for a circular frame aerial with a progressing current wave, one may easily form a mental picture or make a numerical calculation of the field from a circular frame aerial with a sine-shaped current distribution.
90' (26)
F,= -(-j)H+1JH'(Z) cos Ho.
Discussion of the Result
The U-and q-components of the normalized, electric field strength are seen to be in phase; the radiated field is therefore linearly polarized. Denoting by a the angle which the electric field vector in a point of the far zone makes with a circle of latitude through this point, we find For H= 0 the field is horizontally polarized in any direction. During one revolution along a circle of latitude 0 =constant, a will increase by H21zr. In Fig. 6 Fig. 1(f) . We start with the corresponding quasi-array of a finite number of elements shown in Fig. l(c) . The number of elements isdenoted by s and their length by L. With the notation used in Fig. 1(c) the j'th dipole will have the co-ordinates (a cos uj, a sin uj, 0) where u1 is the angle defined in (3).
Current Ii in j'th dipole is supposed to be given by (4).
Using the value of the factor T given in (5) By comparing these formulas with (8) and using (16), we find the following expressions for the 0-and +-components of the normalized, electric field strength F:
Discussion of the Result The expressions derived for the field components show that the field is a spiral-phase field, the phase increasing H2-r during one revolution as indicated by the factor ei,Hf[-(1r/)l. The field will generally be elliptically polarized. As was the case for a ring quasi-array of tangential dipoles, the field in the direction of the axis from the quasi-array in question will be different from zero only in the case of H= ± 1.
We shall first consider the special case where the radius of the circle is so small that (a/X)<<(1/27r). We may then replace the functions occurring in the expressions for the field components by the first term in their series expansions. Hereby, we obtain the expressions: (17) and (18) . Again denoting by F* the normalized, electric field strength of the field from the corresponding homogeneous ring quasi-array of tangential dipoles, we obtain therefore in the case of (a/X) <«(1/2ir) and H. 1. (34) For a small radius and H> 1 the field radiated from the antenna system in question is therefore-apart from a factor ei(TIr)-identical with the field from the corresponding ring quasi-array of tangential dipoles. In Figs. 2(b-e) are plotted 1/aH times the components Fe and F, for various values of H. For (a/X) <<(1 /27r) and H_ 1 the quotient K between the maximum values of the 0-and the 4)-components of the electric field strength is approximately given by the same expression (20), and therefore by the same curve (Fig. 4) as in the case of a ring quasi-array of tangential dipoles.
We now proceed to the general case, in which no assumption is made regarding the size of the antenna system. Whereas in the case of (a/A)«<(1/27r) and I HI >-1, the field from the quasi-array of radial dipoles considered here is approximately identical with the field from the corresponding quasi-array of tangential dipoles, an increasing inconsistency will set in with increasing radius. The numerical values of the components Fe and F, of the normalized, electric field strength for the field from a homogeneous ring quasi-array of radial dipoles are plotted in Figs, 8(a-1) for H-0, ±1, ±2, and +4
(1) H= +4, a/A-1.0.
field from and for various values of a/X. In the case of I HI >1 the comments given above to Fig. 5 regarding the field from a homogeneous ring quasi-array of tangential dipoles also apply to the present antenna system with radial dipoles. For H =0 the quasi-array considered here is of the same type as the disk antenna introduced by B6hm.15 Furthermore, a homogeneous ring quasi-array of radial dipoles with H= ± 1 is similar to a turnstile antenna in which the number of arms is infinite and not four as in the usual type.19 SUPERGAIN As previously mentioned, the array characteristic G of a homogeneous ring array, the radius a of which is small as compared with the wavelength, and the current phase of which increases H2ir during one revolution, may approximately be expressed through G = K sin H0. With constant dimensions of the antenna and with increasing H the radiation pattern will consequently approach the disk-shape, i.e., the gain in horizontal directions will converge towards infinity for H -'oo. However, this contradicts practical experience, according to which the gain of an antenna with fixed dimensions cannot exceed a certain value depending on these dimensions. During the last decade this paradox has been extensively discussed in the literature under the name of supergain. A bibliography of this subject is given in a paper by the author;20 its connection with the communication theory is discussed in another paper by the author.2" The explanation of the said paradox is that it is certainly possible to calculate a current distribution giving an arbitrarily large gain; but if this gain increases beyond the value characteristic of the size of the antenna in question, the Q of the antenna increases so violently that the antenna rapidly becomes inapplica- current distribution I along the array expressed as a function of the co-ordinate y. Consequently, the current distribution I(y) will be equal to the inverse Fourier transform of G(t). This inverse transform being e. pressed through an integration with respect to t over the interval -o <t < co, not only the valtues of the array characteristic G(t) corresponding to -1 < <1, i.e., to real values of the azimuth 4), but also the values of G(t) corresponding to -cc < t < -1 and 1 < t < co, will con-I I -p tribute to the current distribution I(y). These last-mentioned intervals of t correspond to the two vertical branches of the integration path C in the complex 4-plane shown in Fig. 10, i. e., to complex values of 4.
Large values of G(t) for values of t outside the interval -1 < t < 1 consequently contribute to the current I(y) without leaving any contribution to the radiation field, i.e., the Q of the antenna will be large. Hence it follows that for an antenna array to be applicable in practice, array characteristic G(t) must converge rapidly towards zero when we move outside the interval -1<t <1.
For a homogeneous ring quasi-array of tangential dipoles the components of the normalized, electric field strength F are expressed by the current distribution I eiHu through the transforms (14). The components of the field from a ring quasi-array of radial antennas are expressed by the current distribution through similar transforms. An argument similar to the one applied above may be used here, and also in the present case we arrive at the conclusion that in order to obtain an antenna that is applicable in practice we must demand that the essential part of the radiation from the antenna takes place for real values of the pole distance 0. Defining t =sin 0 this means for values of t in the interval O<t<1. It appears from (15) and (29) 564-566; 1946. dipoles in the case where the current distribution along the quasi-array is a standing current wave. A circular frame aerial that is fed at a single point of its circumference, approximates such an antenna system. The field radiated from this quasi-array is linearly polarized.
For H-* oo the gain of the antenna systems investigated here converge towards infinity. By applying the theory of supergain an approximate expression has been derived for the minimum radius that the quasi-array may have for a given value of H, without the antenna having a Q too large to be applicable in practice.
The present article is the first of a series of papers dealing with homogeneous ring quasi-arrays. In a similar way, the expression for Fv, given in (14) is transformed into the expression for F1 given in (15).
